1.
Introduction. This is a continuation of [7] . Let F be a totally real number field of degree n (≥ 2) and ι i (1 ≤ i ≤ n) all real embeddings of F . We denote by l i the real prime of F corresponding to ι i and put l 0 = l 0 (F ) := l 1 l 2 . . . l n . For l | l 0 , F (l) denotes the ray class field of F mod l. In particular, F (1) is the Hilbert class field of F . Let K/F be a subextension of F (l)/F and G its Galois group. We denote by o F and o K the rings of integers in F and K, respectively. If there exists some x in o K such that {s(x)} s∈G is a free o F -basis of o K , then we say that the tamely ramified abelian extension K/F has a normal integral basis (abbreviated NIB). Such an element x is called a generator of NIB of K/F . We ask whether K/F has an NIB. For this, we consider a subgroup of an elementary abelian 2-group o
Here, for a ring R, R × denotes the group of units in R and [η] is the residue class of η. We denote by Z the ring of all rational integers and put F 2 := Z/2Z. Then we can regard N l as a vector space over F 2 with dimension ≤ n. Furthermore, we put L
By Kummer theory, L l is a subfield of F (l) and L l /F is an elementary abelian 2-extension of degree 2 dim N l , where dim V is the dimension of an F 2 -vector space V . In [7] , we proved the following theorem, using Brinkhuis [ In view of this theorem, the F 2 -vector space N l is naturally of interest. In [7] , we determined an F 2 -basis of N l for all real quadratic fields and all cyclic cubic fields. The main purpose of this article is to determine an F 2 -basis of N l and a generator x of NIB of the abelian extension L l /F for a certain family of totally real number fields F which are defined by Eisenstein polynomials
Here, a i 's are integers satisfying 8 | a i and some other conditions. (These types of polynomials are also dealt with in [5] .) We state the main result (Proposition 3) in Section 2, and show it in Section 3. Applying Proposition 3 and Theorem 1, we examine whether F (l)/F has an NIB in (Proposition 6 of) Section 4. The final section is of supplementary nature. First, we show that the above mentioned family of totally real number fields of degree n contains infinite ones (Proposition 7). Next, we give an assertion (Proposition 9) on Galois extensions of prime power degree. As its consequence, we see that when n = 3, the cubic fields in this article are not cyclic ones which are dealt with in [7] .
Main result.
We introduce a family of totally real number fields of Eisenstein type. Let n ≥ 2 be a positive integer and take n − 1 odd primes
Furthermore, let a 1 , . . . , a n be integers which satisfy the conditions (2.2)-(2.5):
and for each i (1 ≤ i ≤ n),
Since f (X) ≡ X n − 2 mod 4 by (2.3), f (X) is an Eisenstein polynomial for 2. Let θ be a root of f (X), and define
where Q denotes the field of all rational numbers. As we shall show at the end of this section, (2.2) and the intermediate value theorem imply that f (X) has n distinct real roots θ i (1 ≤ i ≤ n) satisfying the following: when n is even,
when n is odd,
In particular, F is totally real. Also, 2 is totally ramified in F : 2o F = p n . As 
which we also regard as a vector space over Definition 2.1. Let l | l 0 . When n is even (resp. odd), we define
Proposition 3. Let F be a totally real number field as in (2.6) of degree n and
. Furthermore, the following hold (when n = 2, we put k 0 := 0 and ε 1 := 1):
(i) Suppose that n is even, and put
(ii) Suppose that n is odd , and put
Since ε i ≡ 1 mod 4 for all i, Theorem 1(i) and Proposition 3 yield:
Corollary 4. Let the assumption and notation be as in Proposition 3.
Then an element x of the following form is a generator of NIB of L l /F : when n is even,
when n is odd ,
Example 2.2. When n is even and 1 ≤ k ≤ (n − 2)/2, we list dim N l for some l in Table I . Table II .
In order to prove (2.8), we assume that n is odd, and let
Hence, the intermediate value theorem shows that f (X) has a real root in the open interval (
2, a i ). This implies the condition (2.8), and similarly we obtain (2.7).
Proof of Proposition 3.
In this section we prove Proposition 3. Let 2 ≤ i ≤ n. Then we claim the following: when n is even and 1 ≤ k ≤ (n − 2)/2,
when n is odd and 1 ≤ k ≤ (n − 1)/2,
These are shown as follows. For each j (1 ≤ j ≤ n), we have ι j (ε i ) = (θ j − a i )/(θ j − a 1 ). Assume that n is even and 1 ≤ k ≤ (n − 2)/2. Since θ 1 < a 1 < a 2 ≤ a i by (2.7) , we obtain ι 1 (ε i ) > 0; also, a 1 < a i < θ n implies that ι n (ε i ) > 0. Furthermore, we have
from (2.7). Hence, if i ≤ 2k (resp., i > 2k), as a 1 < θ 2k , we have ι 2k (ε i ) > 0 and ι 2k+1 (ε i ) > 0 (resp., ι 2k (ε i ) < 0 and ι 2k+1 (ε i ) < 0). Thus (3.1) holds. Similarly, (3.2) follows from (2.8).
Lemma 2 shows that 
We prove only the assertion (i) of Proposition 3, since the same argument implies (ii). By (3.1), if j = 2k or 2k + 1, then First, assume that l 1 l n | l, and [η] ∈ E l (resp., ∈ N l ). Then (3.5) and (3.4) imply that e 2k s+1 ≡
It follows from this and the definition of S
, and e 1 ≡ n i=2k σ +1 e i mod 2 (resp., e n ≡ n−1 i=2k σ +1 e i mod 2). Hence,
Also, all elements of (3.5) , and are linearly independent over F 2 by (3.3). Therefore this set constitutes an 
NIB of F (l)/F .
In this section, using Proposition 3, we examine whether F (l)/F has an NIB. We assume that F is a totally real number field as in (2.6) of degree n, and l i (1 ≤ i ≤ n) is the real prime of F corresponding to the real embedding ι i , defined in Section 2. For l | l 0 , let l denote the number of distinct prime divisors of l. Then the Galois group Gal(F (l)/F (1)) is an elementary abelian 2-group, which is also regarded as a vector space over F 2 . We have
Proof. Using Proposition 3, we can calculate δ l from (4.1). If l | l 0 l
Hence we obtain (i); the proof of (ii) is similar. (ii) When n is even and l 1 l n | l, F (l)/F has no NIB.
Proof. Since L 1 is a subfield of F (1), we have 
A similar assertion holds for n odd.
(A) The case where n is even. When l l 0 l
by the above remark, we have
On the other hand, we clearly have
By (4.2) and Lemma 5(i), we obtain e l = n − 1 − (σ + l − σ ) (resp., = n−(σ+ l −σ )). Hence, (4.3) implies that e l = n/2 (resp., = n/2−(u−1)). Since u = 1 or 2, if l 1 l n l (resp., l 1 l n | l) then e l = n/2 (resp., = n/2 − 1).
(B) The case where n is odd. If l | l 0 l −1 n (resp., l l 0 l −1 n ), by the above remark, we have l 0 l −1 = t + 2(σ − t) + 1 and l = t + 2(σ − t) (resp.,
By (4.2) and Lemma 5(ii), we obtain e l = n − 1 − (σ + l − σ ) (resp., = n − (σ + l − σ )). Hence, (4.4) implies that e l = (n − 1)/2.
Theorem 1(ii) shows that F (l)/F has an NIB if and only if h F = 2 e l . When "n is even and l 1 l n l", or n is odd, (A) and (B) imply that e l = [n/2]. Hence the assertion (i) holds. When n is even and
Hence F (l)/F has no NIB. This proves our proposition.
Assume that h F = 2 [n/2] . When n is even, Proposition 6 implies that F (l)/F has an NIB if and only if l 1 l n l. Also, when n is odd, F (l)/F has an NIB for all l | l 0 . On the other hand, if h F = 2 [n/2] then F (l)/F has no NIB for all l | l 0 . Thus the existence of NIB of F (l)/F is determined by the condition on the class number h F and an integral divisor l. This implies that g is odd and ε is totally positive. Hence, Proposition 6 for n = 2 also follows from [7, Corollaries 11 and 12] .
Example 4.2. Let Cl F be the ideal class group of F . For a positive integer m, we denote by C m a cyclic group of order m. We consider a real quadratic field F which is defined by a polynomial of the form f (X) = X(X − a 2 ) − 2, where a 2 is an integer such that a 2 ≡ 0 mod 8 and a 2 ≡ −1 mod p 2 , p 2 being a prime with p 2 ≡ 5 mod 8. For all fields F in Table  III , by using PARI [1] , we see that F (1)/F has a relative integral basis, that is, o F (1) has a free o F -basis; we can also obtain the same result by using KASH [8] (cf. [7, Section 5] ). But, as h F = 2, F (1)/F has no NIB by Proposition 6. 5. Supplements. In this section we prove Propositions 7 and 9.
Proposition 7. For each positive integer n ≥ 2, there exist infinitely many totally real number fields F as in (2.6) of degree n.
For the proof, we need: Lemma 8. Let n ≥ 2 be a positive integer and β ∈ Z, β = 0. Then there exist infinitely many primes l that satisfy the following two conditions: is some a(l) in Z such that ord l (d(g a )) = 1 for all integers a with a ≡ a(l) mod l 2 , where we put g a (X) := X n − aX n−1 − β and denote by d(g a ) the discriminant of g a (X).
Proof. Let ζ n be a primitive nth root of unity, and put
Since N/Q is Galois, by the Dirichlet density theorem, there exist infinitely many primes l such that l βn(n − 1) and l is completely decomposed in N . Take such a prime l and let L be a prime ideal of o K lying above l. Since l is a prime element of L, we have
Therefore there is some b in Z such that
As the definition of a and (5.1) imply that
we obtain (n−1) n−1 a n +n n β ≡ n(n−1)
As l βn(n − 1)b, we have ord l (d(g)) = 1. This proves our lemma.
Proof of Proposition 7. Let F 1 , . . . , F t be finitely many distinct fields as in (2.6). It follows from Lemma 8 for β = 2 that there exist some odd prime l and some a(l) in Z such that ord l (d(g)) = 1 and l is unramified in each F i (1 ≤ i ≤ t), where we put g(X) := X n − a(l)X n−1 − 2. Take n − 1 odd primes p i (2 ≤ i ≤ n) with p i = l satisfying (2.1), and let a 1 , . . . , a n be integers which satisfy (2.2)-(2.5), When the degree n is a power of odd prime, Proposition 9 implies that a field F as in (2.6) is not Galois over Q, because 2 is (totally) ramified in F . In particular, when n = 3, we see that F is not a cyclic cubic field.
Proposition 9. Let F/Q be a Galois extension of prime power degree, say l t . Suppose that p is a prime such that p = l and p ≡ 1 mod l. Then p is unramified in F . In particular , if l is odd then 2 is unramified in F .
Proof. Let G := Gal(F/Q) and p a prime ideal of o F lying above p. For each non-negative integer m, we put 
